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The big picture

LTL ™ amp » First Order
* A
Wilke T T McNaughton
Papert
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TL to FO

¢ For every TL formula ¢, we give a FO formula ¢*
(x) such that L(¢) = L( Ox (first(x) T ¢*(X)) )
P ¢*(x)
¢ a Q.(X)
¢ _'¢1 _'(I)1+(X)
* 0, 00, ¢,(x) U0, (X)
¢ Xo, y(succ(x,y) U,*(y))
¢ Fo, y(x<y O,(y))
¢ 0,Up, Ly(x<ylp,"(y)Ulz((x<z<y)U9,*(2))




Star-free to FO

¢ A language Is called star-free if it can be
constructed from finite languages by appli-
cations of boolean operations and concate-
nation
¢ eg. A*a.b.~ (A* A*) where A = {a,b,c}
¢ is same as y (S(Xy) UQ,(x) LIQ(Y)

—Lz(y<z LIQ,(2)))




Star-free to FO (cont)

¢ [or every star-free expression r, we give a FO
formula ¢(X,y) such that

¢ L(r) = L(Ox Oy (first(x) Olast(y) O ¢(X,y))
r ¢ (Xy)

¢ a Q.(x) Ux=y

® -1 - 0,(Xy)

¢t 0u(XY) Uo,(XY)

o, Oy, OG((xSy,sy) Oo,(xy,) O succ(y,, X,)

H0,(X5Y) )



Counter-freeto TL

¢ Every language expressible in temporal logic is
a regular language.

¢ Now, what class of regular languages are ex-
pressible in temporal logic?

¢ |s there any structural property of minimal DFAS
of languages that can be expressed in temporal
logic?



Temporal logic (TL)

¢ A temporal formula ¢ over Y is defined as
¢:=al-¢|olp|Xp|Fo|oUp,all}

¢ The temporal formulas are interpreted over
strings (finite words).

¢ The positions of a string of length n are indexed
O,...,n-1

¢ Uu(i,)) denotes the string u(hu(i+1)...u(j-1) for
O<i<j<n.

¢ u(1,*) denotes the suffix u(i,n).



TL (cont.)

¢uj=ma < ul@=a

®ul=X¢ & Ju>Landu@d¥)|=¢

®ul=F¢ €L0,0<i<|ulOui,*)|=¢

¢ u|=0oUPe 0,0 <i<|ul Ou(,* |= ¢ for every
| U{1,...,1-1} and u(i,*) |= @

** F and U are strict modalities **



Finite Automata (DFA)

¢ ADFAIsatuple A=(>,Q,q, o, F).

¢ L(A)={ul>"|o%q,u) UF}.
¢ A minimal DFA for a regular language L is
denoted by A,.

¢ Counter : Given a DFA A, a sequence
d, 9, -, d__, of distinct states Is a counter for a

string u If m>1 and o*(q,u) = q.,, for i<m, where
by convention, q., = q,.

¢ A DFA iIs counter-free If it does not have a
counter.



Example

¢ Counter automata




Example

¢ Counter-free automata

(Do



Definitions

¢ A pre-automaton is a triple (3, Q, 0).

¢ Given a set Q, QR is the set of all functions on Q

¢ Fora:Q - Q,QUQ, a[Q]={a(g)]|qlQ}

¢ Givena,B:Q - Q, we write a3 for the
composition of a and (3, I.e., for the function

given by g - [3(a(q)).



Definitions (cont.)

¢ For a pre-automaton A=(>, Q, o) and for every
ull> *,we define its transformation, u?, as
follows: For every g L Q, we set uA(g) = 0*(g,u).

¢ SA={ut|u b3}

¢ Fora:Q - Q,wesetL A={ull}*|ur=a}.

¢ LA=LA0O{0}Ifa=Id,.

¢ If Alis counter-free and uA[Q] =Q, then u* = id,,




Theorem

¢ A regular language L is expressible in TL if and
only if A, IS counter-free



Proof (Outline)

¢ [t suffices to prove that for every pre-automaton
A, and every alJS#, the language L_* IS
expressible in temporal logic.

¢ Proof goes by induction on |Q] In the first place
and then on | |.

¢ \We distinguish two cases:
¢ Casel.: For all symbols all}, a*[Q]=0Q.
¢ Case2: There is some symbol b1}, bA[Q] U Q.



¢ o

® ¢ 6 o

Proof

LetbAQ]=Q U Q
F=>-{b}
B Is the pre-automaton that results from A by
restricting it to the symbols from I'.

U,=T*D

A = {ur | uliu.}

C =(AQ’, o) where d(g, a) = a(q)
h:U,*- A" Is the function defined by
h(u,...u.,) = uy,... u_,*foru,,...,u 00U,
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Proof (cont.)

.~ Is TL-expressible.
| A=L, 0L 0L,

— B
—0

|
Q

B’ B’
-1 - a:BbAB, LB bLBa

ety (L DY* 0 T bL,P)
a=poyp Lp” DAL P)Lg"
i (LEDE* A T7bhi(L €) T n 3 bL,P)

L,=




Lemma 1

¢ Let ) be analphabet, b 0, and I = - {b}.
Assume L LI Y*and L’ [l '*are TL-expressible.
Then so are '*bL, '*b(L+00), >*bL, > *b(L+L]),
L’'b>* and (L’'+0)b} *.




Lemma 2

¢ Let ), Abe alphabets, b ), '= - {b}, and
U,=I*b. Further, leth, : U, - A be an arbitrary

function and h : U,* -~ A* be defined by

(U, ... U.,) = hy(u,)... hy(u, ,) foru,,...,u 0 U,.

~or every dUA, let L, = {uldl'* | hy(ub) =dj}.

¢ If L JA*and L, for every dlJA are
TL-expressible then sois h*(L) I ".
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