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�
�� �� �

: CLTL with

�

quantifier

Constraint LTL, CLTL [DD02] : Extension of LTL

Linear-time Temporal Logic, LTL[P77] : Tool used for
Verification
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Variables : Set of Propositions,

�
Model : Finite or infinite sequence of subsets of

�
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Examples of

	 	

formula
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Extension of LTL interpreted over a sequence of
valuations of

5

CLTL permits to refer to a variable in the next instant,
using

6

quantifier in the logic

687 refers to a variable 7 in the next instant

Variables : Elements of
9

Model : Finite or infinite sequence of

5

valuations
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Atomic constraints of CLTL

:<; = ><?

:<; @ ><?

where ;BA ? C , DA E C
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Examples of formula

FHG IG J K L

MON PQ R SOT U

V : W X F Y Z I [

\]

I] ^ _ ` a bc

F ] b d e f g

h : I] ^ _ ` a f

F ] b d e f g

h does not satisfy V
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MON PQ R SOT i

V] X F Y I [j X F Y Z k J [

\]

J ] ^ _ c ^ `

I] ^ _ e f g

F ] b d e f g

h : J ] ^ _ c ^ `

I] b _ ` f g

F ] b d e f g

h does not satisfy V
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�

CLTL with

�

quantifier

Permits

�

quantifier also in the logic

� F refers to variable F, some instant in future,
including the current instant

Variables : Elements of
L

Model : Sequence of

l
valuations
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Atomic constraints of

:<; m ><?

:<; m ?

; m : ?

; m ?

where ;BA ? C A DA E C and m C n =A @ o
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Examples of

	 	 p

formulas

7rq sq t u 9

vxw yz { |~} �

�� � 7 � � s �

� �

s� � � � � �

7 � � � � � �

� : s� � � � � �

7 � � � � � �

� does not satisfy �
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vxw yz { |~} �

�� � 7 � � s �� � 7 � 6 k t �

� �

t � � � � � �

s� � � � � �

7 � � � � � �

� : t � � � � � �

s� � � � � �

7 � � � � � �

� does not satisfy �
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Atomic constraints of

:<; m ><?

:<; m ?

; m : ?

; m ?

where ;BA ? C A DA E C and m C n =A @ o
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� can be written as � �

�� @ � :; m ? �

� � � @ � :; m ? ��� � :; m ? ��� � � �

� � :<; m :�� � ? � � : �; m ? �
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Additional atomic constraints due to
quantifier

�; m ? �

� ; m ? �

where ;A ? C and m C n =A @ o
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Expressiveness of

	 	 p

and CLTL
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terminology

Atomic Constraint, � ¡�¢ £  ¤�¥ and

 ¡ ¢ �   ¤�¥

where :� > ¦ §

and¢ � ¥ ¦ ¨

 

-length

©

of an atomic constraint is the value

ª« �

where

ª

is
the largest

¬

for which

  

occurs in the atomic constraint®¯ ° ± ²´³
µ

-length is 2

µ

-length of a formula is the largest

µ

-length of atomic
constraints in ¶

¶· ¸�¹ º µ´» ¼½ ¸�¹ º µ ¾À¿ ¼

µ

-length is 4
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Induced

Á

-frame

An example of

Â

valuation sequence :

¥  Ã Ä Å Æ

¢  � Ç È É

©

-frame induced by a sequence of valuation %:Ê

- frame

ËÍÌ Î

=

Ï ® Ð Ì ÐÒÑ ® Ó
  2                4               6              8

1                 3               5              7

Ô
ÕÕ

Ö

-frame

¸Í× ¼ · Ø¸�¹ Ù ¹ ¼ÛÚ ¸�¹ º » ¼Ú ¸�¹ º µ´¹ ¼Ú ¸ ¹ º µ » ¼Ú¸�» Ù » ¼ÛÚ ¸�» º µ ¹ ¼ÛÚ ¸�» º µ » ¼Ú ¸ µ´¹ Ù µ´¹ ¼Ú¸ µ´¹ º µ´» ¼ÛÚ ¸ µ » Ù µ´» ¼Ü
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Locally consistent

Ý

-frames

Locally consistent

Ý

-frames : the frame pair
XrÞ G Þ ß [

is
locally consistent, for all àG á â b

X Zã F Y Zä I [ K Þ å æ X Zãèç é F Y Zä ç é I [ K Þ ß
andX Zã F å Zä I [ K Þ å æ X Zãèç é

A

l

-valuation sequence \ is as follows:

I] ^ _ ` ^

F ] b d e b
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Example of locally consistent frames

  2                4               6              2

1                 3               5              1

ê
ëë

3-frame

ìOí î

, ï :ðìòñ ó ñ îõô ì ñ ö÷ îõô ìòñ ö øñ î ô ì ñ ö ø÷ îõô ìòñ ö ø ù ñ îõô ìòñ ö ø ù÷ î

ì÷ ó÷ î ô ì÷ ö øñ îõô ì÷ ö ø÷ îõô ì÷ ö ø ù ñ îõô ì÷ ö ø ù÷ îõô ì øñ ó øñ îõôì øñ ö ø÷ îõô ì øñ ö ø ù ñ îõô ì øñ ö ø ù÷ îõô ì ø÷ ó ø÷ îõô ì ø÷ ö ø ù ñ îõôì ø÷ ö ø ù÷ îõô ì ø ù ñ ó ø ù ñ î ô ì ø ù ñ ö ø ù÷ îõô ì ø ù÷ ó ø ù÷ îú

3-frame

ìOí î ï û : ð ì ñ ó ñ îõô ìòñ ö ÷ î ô ìòñ ö øñ îõô ìòñ ö ø÷ î ô ì÷ ó÷ î ôì÷ ö øñ îõô ì÷ ö ø÷ îõô ì øñ ó øñ î ô ì øñ ö ø÷ îõô ì ø÷ ó ø÷ î ôì ø ù ñ ó ø ù ñ î ì ø ù ñ ö ñ îõô ì ø ù ñ ö øñ îõô ì ø ù ñ ö ø÷ î ô ì ø ù ñ ö ø ù÷ îõôì ø ù÷ ó ø ù÷ î ô ì ø ù÷ ö ñ îõô ì ø ù÷ ö ÷ î ô ì ø ù÷ ó øñ î ô ì ø ù÷ ó ø÷ îú

ì ïô ï û î is locally consistent Constraint Temporal Logic – p.22/101



Ý

-frame sequence induced by a valuation
sequence

Á

-frame sequence ü : Sequences of

Á

frames, denoted by ü �èý � ü �èþ � � � �

Á

-fs

�ÿ �

: a locally consistent

Á

-frame
sequence induced by ÿ
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Example of

�

-frame sequence induced
by a valuation sequence

A

Â

-valuation sequence % is as follows:

¥  Ã Ä Å Ã

¢  � Ç È �
3-fs

" % $ : "¢ � ¢ $� "¢ £¥ $� "¢ £  ¢ $� "¢ £  ¥ $� "¢ £   �¢ $� "¢ £   �¥ $

"¥ � ¥ $� "¥ £  ¢ $� "¥ £  ¥ $� "¥ £   �¢ $� "¥ £   �¥ $� "  ¢ �  ¢ $�"  ¢ £  ¥ $� "  ¢ £   �¢ $� "  ¢ £   �¥ $� "  ¥ �  ¥ $� "  ¥ £   �¢ $�"  ¥ £   �¥ $� "   �¢ �   �¢ $� "   �¢ £   �¥ $� "   �¥ �   �¥ $ �

 "¢ � ¢ $� "¢ £¥ $� "¢ £  ¢ $� "¢ £  ¥ $� "¥ � ¥ $�"¥ £  ¢ $� "¥ £  ¥ $� "  ¢ �  ¢ $� "  ¢ £  ¥ $� "  ¥ �  ¥ $�"   �¢ �   �¢ $ "   �¢ £¢ $� "   �¢ £  ¢ $� "   �¢ £  ¥ $� "   �¢ £   �¥ $�"   �¥ �   �¥ $� "   �¥ £¢ $� "   �¥ £¥ $� "   �¥ �  ¢ $� "   �¥ �  ¥ $ �

Frame graph
��� : Locally consistent frame sequence as a £� � �

-labelled, directed graph
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Example of frame graph with

Á @ 3
  2                4               6              4

3                 4               7              5

�� �	 

� �� 


�

�

��

�
�

�
�

�:

�:

�:
�:

�:
�:

�
��
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��� satisfies the following conditions :

There is an edge between every pair of
vertices

If there is ‘=’-labelled edge from F to I then
there is also one from I to F

There are no strict cycles-i.e. directed cycles
containing a ‘ Y’-labelled edge
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� ��� �

is the set of models of a CLTL
formula, �

�

- � � � � � � �

- � ��� �� �  � !
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Expressiveness of

" " #

and CLTL

Two logics

$&% and

$&' are said to be equivalent if() *,+ % -/. + % 0 $% 1 2 () *,+ ' -/. + ' 0 $' 1

Theorem 1 :

34 54 6

is strictly more expressive than34 54

.
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Outline of the proof of theorem 1

78 98 :

formula

;=< > ?< @

has no equivalent CLTL formula.

A x B C D D E

F x B C D D G
2 0 30

2 0 0 1

H
HIJK

HILK

H

M
M

No CLTL formula can distinguish between A and F because theN

-frame sequences induced by both of them are same78 98 :
formula distinguishes between A and F
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Proof

The proof is by contradiction

Suppose there exists a CLTL formula which distinguishes AO and FO

Consider two families of models AO and FO for

PQ G
Length of AO and FO is

; PR G @

.AO and FO are as follows:

AS C D E FS C D G

AT C D D E FT C D D G

AU C D D D E FU C D D D G

AV C D D D D E FV C D D D D G

...
...

Either both AO and FO satisfy the CLTL formula or both do not satisfy
the formula
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Decidability of the satisfiability problem
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Satisfiability problem

Satisfiability problem for a logic is : given a
formula � of the logic, does there exist a

-valuation sequence which satisfies � ? In
other words, is

� ��� � � ?
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Decidability of the satisfiability problem for CLTL over
finite models
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Link between

" "

and

" "

CLTL formula + of

W

-length

X

can be viewed as a LTL
formula by replacing the constraints with propositions

Y[Z \] ^ _a`

+ . b *,c d Wfe -

g.

  2                4               6              8

1                 3               5              7

h
ii

2-frame

jlk m

:

njpo q o msr jo tu msr jo t vo m r jpo t vu m rju qu m r ju t vo m r ju t vu msr j vo q vo msr j vo t vu msrj vu q vu mw
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Link between and

From Lemma 3.1[DD02]

x y{z | iff } y z ~� ~ |

| : CLTL formula of

�
-length

�

x : �

- valuation sequence

} : Induced
�

frame sequence
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From Lemma 3.1[DD02] we get a corollary
which describes :

A CLTL formula | of

�

-length
�

is satisfiable

Iff there exist a

�
-frame sequence :

Locally consistent
Satisfies | as a classical

�� �

formula
Admits a

�
-valuation sequence
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Automata theoretic approach for decidability of
CLTL

� ���

� �� ���

� �����
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Strict length of a path

Slen( �): strict length of a path � in ��� i.e- number of
‘ d’-labelled edges in �

Slen

* � - 2 �

Slen

*,��� � - is the maximum of slen
* � - where � is the

directed path from � to �
��

Slen

*,��� � - 2 �
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In Lemma 6.1 [DD02], � admits a
-valuation sequence iff for all � � ¡  ¢ �

slen

� �� ¡ � £ ¤

In finite models slen
� �� ¡ � is bounded

Lemma 6.1[DD02] applies for finite
models also
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Automata theoretic approach for
decidability of CLTL over finite models

� ������ �� �¥�
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Characterisation of

" " #
frame graphs
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Characterisation of

3 4 54 6

frame graphs for single variable
models
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Annotated frame graph ¢ ¦

§�¨ © ªf¨ «

represented as open forward arc on ¨ in

¬�

§ ª ¨ © ¨ «

represented as open backward arc on ¨ in

¬�

(¨ z ª ¨ ) and (

ª ¨ z ¨ ) are always true
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Example of an annotated 3-frame graph

7 10 65 8

®:¯±° ²
®
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Completion of an annotated frame
graph

Annotated graph with matched and implied edges

Matched edges

if open forward arc at

³p´,µ ¶ ·

, put a ‘ ¸’-labelled edge from³´ µ ¶ ·

to some

³p´,µ ¹ · , ¶ ¸ ¹

if open backward arc at

ºp»,¼ ½ ¾

, put a ‘ ¿’-labelled edge
from some

º» ¼ À ¾ to ºp»,¼ ½ ¾

,

½ ¿ À
Implied edges

if no open forward arc at
ºp»,¼ ½ ¾

, put a ‘

Á

’-labelled edge
from

º» ¼ ½ ¾

to

º» ¼ À ¾ , Â À¼ ½ ¿ À
if no open backward arc at

º» ¼ ½ ¾

, put a ‘

Á

’-labelled edge
from

º» ¼ À ¾ to º» ¼ ½ ¾
,

Â À¼ ½ ¿ À
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Example of completion of an annotated
frame graph

7 10 65 8

®:¯Ã° ²
®

Ä
Ä

Ä Ä

Å
Å

Ä
Ä
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Edge respecting labelling : If the labels on the vertices
connected by an edge (including the implied and
matched edges) satisfy the edge relation

®

Æ ÇÈ È É È

An annotated locally consistent

X

-frame sequence Ê Ë

admits a

Ì

-valuation sequence g iff g is an
edge-respecting labelling. From Lemma 5.2 [DD02]
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Characterisation of frame graphs which
admit a valuation sequence

Lemma 1 Let � Í be an annotated locally
consistent finite

�

-frame sequence. Then � Í

admits a -valuation sequence iff there is no
strict cycle in completion of ¢ ¦ .
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Proof

} Ë admits a

�

-valuation sequence z Î edge
respecting labelling

Ï

for

¬� Ð

Cycle in completion of

¬� Ð z Î Ï § ¨ÒÑ Ó « © Ï § ¨ÒÑ Ó «

leads to contradiction

If there is no cycle in completion of

¬� ÐÑ the
procedure for labelling gives an edge respecting
labelling

Edge respecting labelling z Î } Ë admits a�

-valuation

Constraint Temporal Logic – p.49/101



Procedure for labelling } Í

1. Label the vertices in order. Begin by labelling the
first vertex

§ ¨ÒÑ Ô «

, by 0 .

2. In general if

Õ

is the part of the graph which is
already labelled, and Ö is the next vertex to be
labelled:

(a) if there is a directed path from Ö

to a vertex in

Õ
,

set

Ï § Ö « z × ÓaØ Ù Ï §�Ú «ÜÛ Ý ÏßÞ Ø § ÖÑ Ú « y

Ú à Õ

and there exists a path
from Ö to Ú á

, else,
(b)set

Ï § Ö « z ×â ¨ Ù Ï §�Ú «äã Ý ÏßÞ Ø §�ÚÑ Ö « y

Ú à Õ
and there exists a path

from Ú to Ö á.
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å æ

Constraint Temporal Logic – p.53/101



How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å æ
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å æ ç Ç
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å æ ç Ç å
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How does the labelling procedure work

Ä
Ä Ä

Ä ÄÄ

Å
Å

® å æ ç Ç å ç æ
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Characterisation of

è �� � 6

frame graphs for single
variable infinite models

Lemma 2 Let � Í be an annotated locally
consistent infinite

�

-frame sequence. Then � Í

admits a -valuation sequence iff ¢ ¦

satisfies the following conditions:

There is no strict cycle in the completion
of ¢ ¦ .
For all the vertices �� ¡ in the completion
of ¢ ¦ � slen

� �� ¡ � £ ¤.
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Characterisation of

è �� � 6

frame graphs for multiple
variable models
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Annotated frame graph

��é £ ê � represented as open forward
arc on é labelled ê

� é £ ê � represented as open backward
arc on é labelled ê

(é � ê) represented as open equal to
arc labelled ê
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Example of annotated 2-frame graph

¬� Ð
4

4 62

73 5

8

ë:

ì:

íîðï ñ

ì

ì
ë

ë ì

ë

ë

ë
ìì ìì ë ì

ëë ëë ì ë ì
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Completion of annotated frame graphs

Annotated frame graph with matched and implied
edges

Matched edges

If open ‘=’ arc at

§ ¨ÒÑ Ó «
labelled ò, put a

=’-labelled edge from
§ ¨ÒÑ Ó «

to some

§ òÑ ó « , Óô ó

Implied edges

If no open ‘=’ arc at

§ ¨ÒÑ Ó «

labelled ò, put a
‘¡’-labelled edge from either

§ ¨ÒÑ Ó «

to

§ òÑ ó « or§ òÑ ó « to § ¨ÒÑ Ó «Ñ õ óÑ Óô ó

Constraint Temporal Logic – p.62/101



Characterisation of frame graphs which admit a�

valuation sequence

Lemma 3 Let � Í be an annotated locally
consistent finite k-frame sequence. Then � Í

admits a -valuation sequence iff there is no
strict cycle in completion of ¢ ¦ .
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Decidability of

" " #

over single variable
monotonic models
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Reduction of satisfiability problem for

è �� � 6

to
that for CLTL

ö : atomic constraint of

è �� � 6

÷ Ë

: CLTL formula equivalent to ö defined as follows:

øfùú û üþý

ö ý z § ¨ © ª ¨ «

÷ Ë ý z ÿ � § ¨ z �¨ «

øfùú û �ý

ö ý z § ª ¨ © ¨ «

÷ Ë ý z �

In CLTL the constant

�
represents “false”.

Constraint Temporal Logic – p.65/101



x y{z ö iff x y{z ÷ Ë

where x is a monotonic model

x y{z ÷

iff x y z ÷ Ë

for any

è �� � 6

formula
÷

CLTL formula is interpreted over non-monotonic
models

The monotonicity condition can be specified as a
CLTL formula |,|ý z � § ÿ § �� « � § ¨ © �¨ « � §�¨ z �¨ « «

Append | with each
÷ Ë

The resultant CLTL formula (

÷ Ë � |) is interpreted
over non-monotonic models
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Lemma 4 The satisfiability problem for

" " #

over single variable monotonic models is
decidable.
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Automata theoretic approach for single variable
monotonic model
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Annotated frame graph for single variable
monotonic model

Only open forward arcs in

¬� Ð
Conditions to be checked :

Local consistency of frames

Completion of

¬� Ð has no strict cycle

For all vertices ÖÑ Ú in the completion of

¬� ÐÑ

slen

§ ÖÑ Ú « © �
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Automata theoretic approach for

" " #
monotonic finite models

� ���

� �� ���

� ��� �
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Construction of

��

	 
� is a nondeterministic finite automaton

Guesses a vertex which has an open forward
arc

When a strict forward edge is found, all the
open forward arcs up to that vertex are
matched

At the end of the model if there is no
unmatched open forward arc, then the frame
sequence is accepted

Constraint Temporal Logic – p.71/101



Overview of related work

In TPTL [RT89] employs a novel quantifier construct
to reference time: the freeze quantifier binds a
variable to the time of the local temporal context

è �� � �

(



)[DRN05] denotes a logic where
Constraint LTL is augmented with freeze operator
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Conclusion

34 54 6

is strictly more expressive than CLTL

Satisfiability problem for CLTL over finite models is
decidable

Characterisation of

34 54 6
frame graphs

Satisfiability problem for
34 54 6

over single variable
monotonic models is decidable
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Future work

Decidability of the logic or its sublogics

By push down automata ?

Undecidability of the logic

Reducing Post correspondence problem to
satisfiability problem for the logic ?

Constraint Temporal Logic – p.74/101
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LTL as verification tool

Example of a protocol which implements mutual exclusion

Process 1
repeat forever

�

��� :/* do other jobs*/� S :while (turn!=1)

�

/*do nothing*/

�

� T : enter CS;� U :exit CS;� V :turn=2;�

Process 2
repeat forever

�

��� :/* do other jobs*/� S :while (turn!=2)

�
/*do nothing*/

�

� T : enter CS;� U :exit CS;� V :turn=1;�
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Execution of a program as a state labelled system

process 1 is at

��� : ��

process 1 is at

� S : � S

process 1 is at

� T : � T

process 1 is at

� U : � U

process 1 is at

� V : � V

turn = 1 :

� S

process 2 is at

��� : ��

process 2 is at

� S : �S

process 2 is at

� T : �T

process 2 is at

� U : �T

process 2 is at

� V : �V
turn =2 :

� T

Property of a program as a LTL formula

Safety condition :
��� ( � U � �U )

Starvation condition :

�

(

� S � � � U
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State labelled transition system
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Syntax and semantics of

� �

formula

Syntax

+ . . p

* ++ * + % , + ' *

O+ * + % - + '
Semantics of the logic is inductively defined as follows:

g� i

* 2 p . /

p 0 g * i -

g� i

* 2 ++ . / g� i
0* 2 +21

g� i

* 2 + % , + ' . / g� i
* 2 + % 34 g� i

* 2 + '1

g� i

* 2 O+ . / g� i 5 6 * 2 +1

g� i

* 2 + % - + ' . / 7

k

8

i 9: ; <= <?> = g� k

* 2 + @

> A BC

j D i E

j F k� G� j

*IH JK1
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Semantics of

L L M

atomic constraints

G NOQP R S*IH TU V W TX Y iff

Z O 5![ \P Z O ] ^ \ E R

andG Z O ][ \ Z V \ W G Z O ] ^ \ Z Y \ .

G NOQP R S_ H TU V W ` Y iff there exists ^ such thatZ O ]![ \P Z O ] ^ \ E R

and G Z O ][ \ Z V \ W G Z O ] ^ \ Z Y \ .

G NOQP R S_ H ` V W TX Y iff there exists[ such thatZ O ]![ \P Z O ] ^ \ E R

and G Z O ][ \ Z V \ W G Z O ] ^ \ Z Y \ .

G NOQP R S_ H ` V W ` Y iff there exists[ and ^ such thatZ O ]![ \

and

Z O ] ^ \ E R
and G Z O ]![ \ Z V \ W G Z O ] ^ \ Z Y \ .
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Syntax of

L L M

formula

ab b c d e f a eg a h a i e j a e g a k a i , where d is an
atomic constraint.
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Semantics of

L L M

formula

l mnpo q rs t u v w l m npo q rs t uyx

l mnpo q rs tz { v w l m npo q r|s t { x

l mnpo q rs t {~} � {~� v w l m npo q rs t { }

�� l m npo q rs t {� x

l mnpo q rs t � { v w l m n � �o q rs t {

l mnpo q rs t {�} � {�� v w ���� n � � � q

�� � �� ��� � l m� o q rs t {~�

�� �� n �� n � n ��� � o

l m n �o q rs t { } x
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Additional atomic constraints due to

�

quantifier

���� � � B

  B¡ ¢£ ¤¦¥ § ¨ª© «

  ¬ B¡ ¢£ ¤¥ § © «~ ¢£ ¤®¥ § £ © «  ¯ ¯ ¯ ¢£ ¤¦¥ § £ ¤° ± © «  £ ¤ ¢¥ § ¨ª© «

���� � ² B

  B¡ ¢ ¨¥ § £ ¤ © «

  ¬ B¡ ¢¥ § £ ¤ © «~ ¢£ ¥ § £ ¤ © « ¯ ¯ ¯ ¢£ ¤° ± ¥ § £ ¤ © «  £ ¤ ¢ ¨¥ § © «

���� � ³ B

  B¡ ¢ ¨¥ § ¨ª© «

  ¬ B¡ ¨ ¢ ¢¥ § ¨© « ¢ ¨¥ § © « «

where   is the

´µ ¶µ ·
atomic constraint and   ¬ is the atomic constraint

equivalent to   parsed using

¢¥ § ¨ª© «

and

¢ ¨¥ § © «
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atc(

¸

)

atc (k): The set of all atomic constraints over U of
O-length at most kG :

y ¹ º » ¼ ½ ¾¿
x ¹ ¾ À Á Â Ã

atc (2) is as follows:Ä

(x Åx), (x Åy), (x ÅOx), (x ÅOy), (x Æx), (x Æy), (x ÆOx),
(x ÆOy), (y Åx), (y Åy), (y ÅOx),(y ÅOy),
(y Æx),(y Æy), (y ÆOx),(y ÆOy),(Ox Åx),(Ox Åy),
(Ox ÅOx),(Ox ÅOy),(Ox Æx), (Ox Æy), (Ox ÆOx),
(Ox ÆOy),(Oy Åx),(Oy Åy), (Oy ÅOx),(Oy ÅOy),
(Oy Æx),(Oy Æy), (Oy ÆOx),(Oy ÆOy)

Ç

Constraint Temporal Logic – p.86/101



Link between

L L

and

L L

CLTL formula È of O-length k can be viewed as a LTL
formula over atc (k)

ÉËÊ ÌÍ Î ÏÑÐ

È : Ò Z

x Æ Oy

\

Ó ¹

y ¹ º » ¼ ½ ¾¿ PÔ Ô Ô
x ¹ ¾ À Á Â ÃPÔ Ô Ô

Let O-length Å 2
2-frame

Z Ó \ : Ä

(x Åx), (x Æy), (x ÆOx), (x ÆOy), (y Åy),
(y ÆOx), (y ÆOy), (Ox ÅOx), (Ox ÆOy), (Oy ÅOy)

Ç
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atc(2) is as follows:Õ

(x cx), (x cy), (x cOx), (x cOy), (x Öx), (x Öy),
(x ÖOx), (x ÖOy), (y cx), (y cy), (y cOx), (y cOy),
(y Öx), (y Öy), (y ÖOx), (y ÖOy), (Ox cx), (Ox cy),
(Ox cOx), (Ox cOy), (Ox Öx), (Ox Öy), (Ox ÖOx),
(Ox ÖOy), (Oy cx), (Oy cy), (Oy cOx), (Oy cOy),
(Oy Öx), (Oy Öy), (Oy ÖOx), (Oy ÖOy)

×

Each constraint can be replaced by propositions,Õ2ØÚÙ Û ØÚÜ ÛÝ Ý Ý Û ØÚÞ Ü ×
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CLTL formula can be written as LTL formula

aàßá ß :

â ØÚã

äb Õ2ØÚÙ ,ØÚå ,Øçæ ,Øã ,ØÙ è,ØÚÙ é,ØÚÙ å ,ØÙ ê, ØÚÜ ë,ØÜ ã ×
,Õ2ØÚÙ ,ØÚå ,Øçæ ,ØÚã ,ØÙ è,ØÚÙ é,ØÚÙ å , ØÚÙ ê,ØÚÜ ë,ØÜ ã ×

,Ý Ý Ý

ä e cì íì a

Lemma 5 (from [DD02]): Let a be a CLTL formula
of O-length k. Let î be a

ï

valuation sequence
and let ä be the induced k frame sequence. Then

î e c a iff ä e c ßá ß a.
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Corollary 1 Let î and ð be

ï

-valuation sequences
of same length. If frame sequence induced by î is
identical to the frame sequence induced by ð,
then for any

ñò óò

formula a of
j

-length

ô

, ð e c a iff

î e c a.

õ÷ö ø ø ù

:

î ú Lg a i ûü k-fs
g î i ú Lg a ßá ß i Õ ý Lemma 1

×

ûü k-fs
g ð i ú Lg a ßá ß i Õ ý k-fs

g ð i c k-fs

g î i ×

ûü ð ú Lg a i Õ ý Lemma 1

×
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Outline of the proof of theorem 1

�þ � ÿ�� :

´µ ¶µ ·

formula

¢¥ � ¨¥ «

has no equivalent CLTL formula.

� x B � � � �

� x B � � � �
2 0 30

2 0 0 1

	
	
��

	
�

	

�
�

No CLTL formula can distinguish between � and � because the
k-frame sequences induced by both of them are same´µ ¶µ ·

formula distinguishes between � and �
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Proof

The proof is by contradiction

Consider two families of models �� and �� for i

�

1

Length of �� and �� is

�� �

.

�� and �� are as follows:

� ± � � � � ± � � �

�� � � � � �� � � � �

�� � � � � � �� � � � � �

�� � � � � � � �� � � � � � �

...
...

k-fs

¢ � « ¡ k-fs
¢ � « �

Observation 1

�

���� ��� � �"!

� #¡ ¢
x � ¨

x

« �� $ � %#¡ ¢

x � ¨

x

«

¡ & � ' L

¢
x � ¨

x

« �� $ � %' L ¢

x � ¨

x

« �

Observation 2

�
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Suppose there exists a formula, a in CLTL such that
L ( a) c L (x Ö �

x), k c O-length of a

î

k

ú Lg a i Õ ý Definition
×

k-fs

g î i ú Lg a ßá ß i Õ ý Lemma 1
×

k-fs

g ð i ú Lg a ßá ß i Õ ý Observation 1 () *

Corollary 2

×

ð

k

ú Lg a i Õ ý Lemma 1

×

+-, . ð

k

/ú Lg x Ö �

x

i Õ ý Observation 2

×

ñ10 ) .32 ( *465 . 4 0 )
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Validity of the labelling procedure

suppose the labelling is not valid

there is a first time when the procedure labels the
vertex with a value which contradicts the strict
length

let this vertex be u, let the vertex at the other end
of the offending path be v, v ú 7

and the vertices
labelled up to this point be

7
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three cases:

p from u to v and slen (p) 8 9 ¢

v

«;: 9 ¢

u

«

.
Step 2 (a) of the procedure is applicable, and9 ¢

u

«  9 ¢

v

«: slen (p).

p from v to u and slen (p) 8 9 ¢

u

«: 9 ¢

v

«
Two possibilities:
u was labelled by step 2 (a) of the procedure.
w in

<

with a path q from u to w, s.t
9 ¢

u

« ¡ 9 ¢

w

« : slen(q).
v and w are labelled consistently9 ¢

w

« � 9 ¢

v

« � slen(p)� slen(q).9 ¢

u

« � 9 ¢

v

« � slen(p), leads to contradiction.
u was labelled by step 2(b) of the procedure and9 ¢

u

« � 9 ¢

v

« � slen(p).

p is a strict path from u to u, leads to contradiction because
there is no strict cycle in the graph.
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infinite backward path in completion of

=?> ¬ : a
sequence

@ ¹ A B C3D A

,

C

is the nonempty set of
variables in the k-frame sequence, satisfying:

for all

EGF A

, there is an edge from
@ Z E ] ¾ \

to

@ Z E \

.

for all

EF A

, if

@ Z E \

is in level

H
, then

@ Z E ] ¾ \

is in a level
greater than or equal to

H ] ¾
. (“level” of a vertexZ VJI E \

is

E

.

a path

@

is strict if there exist infinitely many

E

for which
there is a Æ’-labelled edge from

@ Z E ] ¾ \

to

@ Z E \

.
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Lemma 6 Let ä K be an annotated locally consistent
infinite k-frame sequence. Then ä K admits anL

-valuation sequence iff

M> ¬ satisfies the following
conditions:

There is no strict cycle in the completion of

MN> ¬ .
For all vertices u,v in the completion ofM> ¬ Û slen(u,v) ÖO .

There is no strict infinite backward path in the
completion of

M> ¬ .
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Automata theoretic approach for

P P Q

monotonic infinite models

Build an automaton (

R ST) which is an intersection
of :

Rßá ßT : Vardi Wolper Automaton construction for
infinite models

R UV�W cg X Û Y è Û Z [ Û \ i

R SU is nondeterministic Buchi automaton

Check the resulting automaton for emptiness to
decide the satisfiability of ]
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Construction of automata

Rßá ßT : Vardi Wolper Automaton construction for
finite models

A state is final iff there is no next state formula in
that state

R UV�W ^ _ X Û Y è Û Z [ Û \ `

X

is the set of

ô

-frames along with a separate
start state Y è

Z [ is given by Y è Z [a ona anda Z [a K

ona K

iff_a Ûa K `

is locally consistent

\ ^ X
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Consistent relations from a vertex

There can be both open forward and
open backward arcs

There can be either open forward or
open backward arc

Both arcs are absent

For finite models there is no open arc from the
last vertex
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Build the formula automaton

R ßá ßT : LTL version of
the given formula ].If automata could be build
that

filter out

ô

-frame sequences that are not locally
consistent and

filter out

ô

-frame sequences that don’t admitï

-valuation sequences

Intersect and check the resulting automaton for
emptiness to decide the satisfiability of ]
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