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Abstract. We consider various hitting and piercing problems for the family of
axis-parallel rectangles induced by a point set. Selection Lemmas on induced ob-
jects are classical results in discrete geometry that have been well studied and
have applications in many geometric problems like weak epsilon nets and slim-
ming Delaunay triangulations. Selection Lemma type results typically bound the
maximum number of induced objects that are hit/pierced by a single point. First,
we prove an exact result on the strong and the weak variant of the First Selection
Lemma for rectangles. We also show bounds for the Second Selection Lemma
which improve upon previous bounds when there are near-quadratic number of
induced rectangles. Next, we consider the hitting set problem for induced rectan-
gles. This is a special case of the geometric hitting set problem which has been
extensively studied. We give efficient algorithms and show exact combinatorial
bounds on the hitting set problem for two special classes of induced axis-parallel
rectangles. Finally, we show that the minimum hitting set problem for all induced
lines is NP-Complete.
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1 Introduction

Let P be a set of points in R¢ and let R be the family of all distinct objects of a
particular kind (hyperspheres, boxes, simplices, ...), such that each object in ‘R has a
distinct tuple of points from P on its boundary. For ex., in d = 2, R could be the family
of (g) triangles such that each triangle has a distinct triple of points of P as its vertices.
‘R is called the set of all objects induced (spanned) by P. Various questions related
to geometric objects induced by a point set have been studied in the last few decades.
In this paper, we focus on various piercing and hitting questions on the set of induced
objects R. The questions are broadly classified into the following two categories:

1. What is the largest subset of R that is hit/pierced by a single point?
2. What is the minimum set of points needed to hit all the objects in R?

Combinatorial results on the first category of questions are referred as Selection
Lemmas and are well studied. A classical result in discrete geometry is the First Selec-
tion Lemma [9], which shows that the centerpoint [23] is present in % (constant fraction
of) triangles induced by P. Moreover, it is known that the constant in this result is tight.



This question has also been considered for induced simplices in R¢. Barany [7] showed
that there exists a point p € R contained in at least ¢ - (', ) simplices induced from
P. This is an important result in discrete geometry and it has been used in the con-
struction of weak e-nets for convex objects [20]. Finding the exact constant for induced
simplices in R, d > 3 is considered a challenging open problem [8].

A generalization of the first selection lemma, known as Second Selection Lemma,
considers an m-sized arbitrary subset S C R of distinct induced objects of a particular
kind and shows that there exists a point which is contained in f(m, n) objects of S. The
second selection lemma has been considered for various objects like simplices, boxes
and hyperspheres in R? [2, 11, 20, 24]. These results have found applications in the clas-
sical halving plane problem [2] and slimming Delaunay triangulations in 3-space [11].
For axis-parallel rectangles in R?, [11] shows a lower bound of Q(nzlzm) using in-
duction. [24] gives an alternate proof of the same bounds using an elegant probabilistic

argument and also gives an upper bound of O(leiinrz)
n? log( 2%~

mentioned in [24] is to tighten the polylogarithmic gé'i) between these lower and upper
bounds.

In this paper, we focus on induced axis-parallel rectangles in the plane. Let P be a
set of n points in R? in general position i.e., no 2 points have the same x or y-coordinate
and R is the set of all axis-parallel rectangles induced (spanned) by P i.e., the set of
(’2‘) axis-parallel rectangles whose diagonal points are fixed by a pair of points from P.

We obtain the following selection lemmas for axis-parallel rectangles:

). An interesting open problem

— We prove a first selection lemma for axis-parallel rectangles with exact constants.
We also show a strong variant of the first selection lemma with exact constants,
where we add the constraint that the piercing point p € P. To our knowledge, there
has been no previous work on the first selection lemma for axis-parallel rectangles.
Interestingly, we use the weak and strong centerpoint for rectangles [1, 6] to prove
this result.

— We show bounds on f(m, n) (second selection lemma) for axis-parallel rectangles.
More precisely, we show that there exists a point p € R? that is contained in at least

_m®_

51,7 axis-parallel rectangles of S. This bound is an improvement over the previous
bound in [24] when m = (25— ).

log? n

The second category of questions which we address in this paper, relates to finding
a small sized hitting set for the induced objects. We consider both the algorithmic and
the combinatorial bound questions on this problem.

Combinatorial bounds on the hitting set size have been studied for disks, axis-
parallel rectangles and triangles [3, 4, 13, 18]. In this paper, we focus on showing com-
binatorial bounds on the size of the hitting set for rectangles induced by a point set.
This problem is combinatorially equivalent to hitting all rectangles containing at least 2
points. Thus, this problem is a special case of the epsilon net problem where € = 1/n.
Also, hitting all the induced rectangles is equivalent to hitting only those induced rect-
angles that do not contain any other point of P. Thus, it can be reduced to computing
minimum vertex cover in the Delaunay graph w.r.t. rectangles. Bounds on the size of the
independent set (complement of vertex cover) of these Delaunay graphs is well studied
and is considered a challenging open problem [10, 12].



The algorithmic problem is a special case of the geometric hitting set problem. The
geometric hitting set problem is NP-hard, even for simple objects like lines and unit
disks [15,21] and several approximation algorithms have been proposed [5, 17, 22].

We show the following results on two special classes of induced axis-parallel rect-
angles.

— We first consider the special case of induced axis-parallel skyline rectangles. We
give a simple O(nlogn) time algorithm that computes the minimum hitting set.
We also give an exact combinatorial bound of %n on the size of the hitting set
for induced skyline rectangles. Recently, an O(n*) time dynamic programming
based algorithm [16] was given for the more general hitting set problem for skyline
rectangles (which need not be induced). Thus, our algorithm can be considered as
an improvement for the case of induced skyline rectangles.

— Next, we consider the special case of induced axis-parallel slabs. We prove an exact
combinatorial bound of %n on the size of the hitting set for induced axis-parallel
slabs.

For most induced geometric objects, it is not known if the algorithmic problem of
computing the minimum hitting set is polynomially solvable. It is known to be polyno-
mial solvable for skyline rectangles and halfspaces. However, we show that the hitting
set problem for induced lines is NP-complete by giving a reduction from Multi-colored
clique. To the best of our knowledge, this is the only NP-hardness proof known for a
hitting set problem in the context of objects induced by a point set. It also implies a
(simpler) NP-hardness proof for the more general point line cover problem.

2 First Selection Lemma for Axis-Parallel Rectangles

Let P be a set of n points in R? in general position i.e., no 2 points have the same z
or y-coordinate. Let R(u,v) be the axis-parallel rectangle induced by u and v where
u,v € P ie., R(u,v) has u and v as diagonal points. Let R be the set of all induced
axis-parallel rectangles R(u,v) for all u,v € P. For any point p, let R, C R be the
set of axis-parallel rectangles that contain p and let f, = |R,|. Consider the quad-
rants formed by a horizontal and a vertical line intersecting at p. 2, consists of exactly
those rectangles which are induced by a pair of points present in diagonally opposite
quadrants (see figure 1).

In this section, we prove the first selection lemma for axis-parallel rectangles. We
consider two variants : (1) Strong variant, where the hitting point p € P and (2) Weak
variant, where the piercing point p € R2,

2.1 Strong Variant

In this section, we obtain exact bounds for f(n) where f(n) = min (max f,).
P,|P|=n p€eP

2

Theorem 1. f(n) = 5



Fig. 1. Lower bound

Fig. 2. Upper bound construction

Proof. Let p be the strong centerpoint of P W rt axis-parallel rectangles. Then any axis-
parallel rectangle that contalns more than 3 1 points from P contains p [6]. We claim

that p is contained in at least 75 rectangles from R.

Let h and v be the horlzontal and vertical lines passing through p that partition P
into four quadrants as shown in figure 1. Let | A| denote |A N P, for any quadrant A. If
|Al, |C’ | > %, then p is contained in at least 7 n & rectangles from R. Therefore, assume
Al =12 — x Now, there are two cases.

Case 1. |C] < 2 :Wlo.g, assume that |C| = & — y and & > y. Therefore |B U D| =
Ft+zT+y. The value of f, is minimized when the value of |B| x |D| is minimized.
Since |A| = 2 — x and there can be at most 3” points on either sides of i and v, both
Band D contaln at least = points. Therefore, fp is minimized when |B| = % + y and
|D| = . Then,

-G -+ G+yr>%

Case 2. |C| > %4 : Assume |C| = % + y. Therefore |[B U D| = § + x — y. By similar
reasons as in case 1, the value of f, is minimized when |B| = § — y and |D| = z.
Therefore,

Fo2 (B —2)(Z4y) + (2 —y)z > 2 — 2wy + 2z +y)

77,2

For the upper bound, consider a set P of n points arranged uni%grmly along the
boundary of a circle as in figure 2. Now, we claim that any point p € P is contained in
at most 75 rectangles of R. W.lo.g, let p be a point in the top left quadrant of the circle
that is k pomts away from the topmost point in P. Let i and v be the horizontal and
vertical lines passing through p. h and v divide the plane into four quadrants. Therefore
fp = (% — 2k)2k = nk — 4k>. This value is maximized when k = %. Thus, f(n) <

16 0

The value of f, is minimized at the domain bundaries and thus f,, >



2.2 Weak Variant

In this section, we obtain tight bounds for f(n) where f(n) = min (max f,).
P,|P|=n p€eR?

2

Theorem 2. f(n) = -

Proof. Let h and v be the horizontal and vertical lines that bisect P and partition the

plane into four quadrants. Let / and v intersect at p, which is the weak centerpoint for
. 2

rectangles [1]. We claim that f, > %-.

(n/4+z) (n/4 — =)

(nfa—2) | (n/d+a)

Fig. 3. Lower bound Fig. 4. Upper bound construction

Assume w.l.o.g, that the top left quadrant contains (% 4 x) points. Therefore, the
remaining points are distributed among the three other quadrants as shown in figure 3.
Then,

fo= (= aP + (§ +of =2 (55) +2-2?

2

Thus, f, > %. Therefore, f(n) > .

For the upper bound, consider a set P of n points uniformly arranged along the
boundary of a circle. Let h and v be horizontal and vertical lines that bisect P, inter-
secting at 0. W.l.o.g, let p be any point inside the circle in the top left quadrant and let
hy and v; be the horizontal and vertical lines passing through p. Let a be the number
of points from P below h; that is present in the top left quadrant defined by A and v.
Similarly, let b be the number of points from P to the right of v; that is present in the
top left quadrant defined by h and v. The number of points in each of the four quadrants
defined by h; and v is as shown in figure 4.

2

fo=E-b+a)(§ —a+b)+(§—a—b)(F+a+b) =2 —2a®+0b?)

Since a,b > 0, f, < %2 for all points p € R2. Therefore, f(n) < %2. O



3 Second Selection Lemma for Axis-Parallel Rectangles in R?2

Let P be a set of n points in R%. Let S C R be any set of m induced axis-parallel
rectangles. In the second selection lemma, we bound the maximum number of induced
rectangles of S that can be pierced by a single point p. The main idea of our approach
is an elegant double counting argument.

Let R(p,q) denote the rectangle induced by the points p and ¢. S is partitioned
into sets X; as follows : any rectangle R(z;,u) € S where x;,u € P, is added to the
partition X; if w is higher than z;. Let P, = {u|R(x;,u) € X;}. Let |P| = |X;| =
m;. Any rectangle R(z;,u) € X; is placed in one of two sub-partitions, X/ or X/,
depending on whether w is to the right or left of x;. Let | X}| = m} and | X/ | = m}.
Similarly, we partition P; into P/ and P". Let > .-, m, = m' and >, m] = m”.
The rectangles in X (or X/’) and the points in P/ (or P}’) are ordered by decreasing
y-coordinate.

We construct a grid out of P by drawing horizontal and vertical lines through each
point in P. Let the resulting set of grid points be G (P C G), where |G| = n?. We use
the grid points in G as the candidate set of points for the second selection lemma.

Let J, be the number of grid points in G present in any rectangle » € S. W.l.o.g
consider the set of rectangles present in X;. We obtain a lower boundon ), X! JIr.

m;

\3
Lemma 1. Z Jp > ( 6> .
reX/

Proof. Letc=)_ . X! Jr. We prove the lemma by induction on the size of m/. For the

base case, let m, = 2. There are only two ways in which the point set can be arranged,
as shown in figure 5(a). It can be seen that the statement is true for the base case.

Heb) ‘ao

X X4 Z; ' x;
) (ii)
(a) (b)

Fig. 5. The dotted lines represent the grid lines and the solid lines represent the rectangle edges.
(a) Base cases. (b) Inductive case - the case when a; is not the leftmost point in P;.



For the inductive case, assume that the statement is true for m} = k — 1 and let
m} = k. Let P| = {a1, az, ..., a }. Let a1 be the topmost point in P/ as seen in figure
5(b) and ! be the vertical line passing through a;. We have 2 cases :

Case 1 : If aq is the leftmost point in P/, then we remove a; from P/ and R(z;,a1)

from X. By the induction hypothesis, the lemma is true for the remaining k — 1 points.

On adding a; back, we see that the line [ contributes & grid points to the next rect-

angle in X/, R(x;,az). This contribution of grid points by ! becomes k& — 1 for the

next rectangle R(z;,as) and decreases by one as we move through the ordered set

X/ and it is two for R(x;, ay). Thus, the total number of points contributed by [ to ¢
E(k+1)

is given by =<—* — 1. The rectangle R(x;,a;) also contributes 2k + 2 to c. Thus,

c> @ + @ +2k+1) > %. Thus, the statement is true for m) = k.

Case 2 : If a; is not the leftmost point, then we claim that ¢ does not increase when we
make a; as the leftmost point by moving line [ to the left. To see this, refer figure 5(b)
where the grid points on [ are shown as solid circles. Let j be the number of points from
P! present to the left of I. When we make the point a; as the leftmost by moving [ to
the left, we see that

— The rectangles induced by x; and the points to the left of [ have an increase in
the number of grid points, which is contributed by [. Thus, ¢ increases by ¢ <
k4 (k=1) 4.4 (k—j+ 1) = 1EEH12I),

- R(zi,a1)losesd = (j+2)(k+1)—2(k+1) = j(k+ 1) points. Thus, ¢ decreases
by d.

— The number of grid points in the rectangles induced by x; and the points to the right
of [ remains the same.

By a simple calculation we can see that d > ¢. Thus, when a; is moved to the left, ¢
does not increase. As a; is now the leftmost point, we can apply case 1 and show that
the lemma is true for m; = k. O

Theorem 3. Let P be a point set of size n in R? and let S be a set of induced rectangles
4
of size m. If m = (2(n3), then there exists a point p € G which is present in at least

3
517 rectangles of S.

Proof. The summation of the number of grid points present in the rectangles in X is

givenby > . Jr =D cxs Jr + D, cxr Jr- Using the lower bound from Lemma 1
/3 2% )

we have, > J, > W

Since S is partitioned into the sets X;, the summation of the number of grid points

present in the rectangles in S is given by

n n n

30 (s Yt s
res i=1reX, i=1 i=1

Using Holder’s inequality in R™ (generalization of the Cauchy-Schwartz inequality),

3 "3 11\3

we have Y1 | (m})? > % Thus, we get Y., cgJr > %

%
3
m__
JT Z 24n2 "

. This sum is

o o m
minimized when m’ = m” = 3 and thus, > g



Let I, be the number of rectangles of S containing the grid point g € G. Now, by
double counting, we have

3
S,=YJs=Y1> 271‘”2

geqG res geG

By pigeonhole principle, there exists a grid point p € G which is present in at least
o rectangles in S. O

4 Hitting all Induced Rectangles

In this section, we consider the problem of hitting all induced rectangles. Specifically
we consider two special cases of rectangles, namely, skylines and axis-parallel slabs.

4.1 Hitting Induced Skyline Rectangles

We first consider the special case of induced skyline rectangles, i.e., all the induced
axis-parallel rectangles have their base extended and anchored on a common horizontal
line. This is combinatorially equivalent to 3-sided axis-parallel rectangles whose base is
unbounded. Let S(u, v) denote the skyline rectangle induced by u and v where u, v € P
and let S(P) denote the set of all induced skyline rectangles S(u, v) for all u,v € P.
We now consider the problem of computing a minimum hitting set to hit S(P) for
a given point set P. For any point u € P, let L(u) denote the point in P which is the
closest point to u by x-coordinate among the points which are present in the bottom-left
quadrant w.r.t. u. Similarly, let R(u) denote the point in P which is the closest point
to u by x-coordinate among the points which are present in the bottom-right quadrant
w.r.t. u. We propose a sweep-line based algorithm to compute the minimum hitting set.

Algorithm 1 An Algorithm to hit induced skyline rectangles

-Set all points in P as unmarked initially.
-Consider points v € P in decreasing order of y-coordinate.
if u is unmarked then
-Let v1 = L(u) and v2 = R(u).
-Include v; and vz in the hitting set, if they are not included already
-Mark v; and v, if they are not marked already
else
Continue to next point
end if

Lemma 2. Algorithm I computes a minimum hitting set for S(P) in O(nlogn) time.

Proof. We first argue that the hitting set returned by above algorithm hits all the induced
skyline rectangles in S(P). Note that it is sufficient to hit induced skyline rectangles
that do not contain any other point of P i.e., the hitting set forms a vertex cover in
the delaunay graph of skyline rectangles. Recall that the delaunay graph for skyline



rectangles has an edge (p, ¢) if the induced skyline rectangle S(p, ¢) does not contain
any other point of P. First, observe that a point u has at most two edges (in the delaunay
graph) to points below u, namely L(u) and R(u). In our algorithm, either « or both
L(u) and R(u) are selected (marked) in the hitting set. Thus, edges from u to vertices
below u are covered and since this is true for every point u, the hitting set is a valid
vertex cover.

Next, we argue that our hitting set H is in fact a minimum vertex cover (MVC).
Let, if possible, there exist a different MVC O. We show that O can be transformed to
H as follows: Let u be the topmost point in O that is not present in H. Assume w.l.o.g
that v; = L(u) and v = R(u) exist. Since u is not present in H (unmarked), by our
algorithm, v and vy will be present in H. The points u, v1, vo induce a triangle in the
delaunay graph. Thus, at least two points in u, v1,vo must be selected in any vertex
cover. All the three points cannot be present since then u is not needed and can be
discarded. W.l.o.g, let O contain u and v;. Now, we can replace u by v, in the vertex
cover, since u has edges only to v; and v, among the points below u. Performing this
exchange argument from top to bottom, we transform O to H.

Sorting the points take O(n logn) time. For a point u being considered, L(u) and
R(u) can be found in O(logn) time using range tree with fractional cascading [19].
Building the range tree takes O(nlogn) time and O(nlogn) extra space. Thus, the
total running time of Algorithm 1 is O(nlogn). O

We now obtain combinatorial bounds on the size of the hitting set.

Theorem 4. Let P be a set of n points and S(P) be the family of skyline rectangles
induced by P. S(P) can be hit by at most % points of P and this bound is tight

Proof. We claim that the hitting set returned by Algorithm 1 is of size at most %n
Algorithm 1 adds at most 2 points to the hitting set for every unmarked point in P and
it does nothing on the selected (marked) points. Since, an unmarked point is not present
in the hitting set, the size of the hitting set is at most %n

To show the lower bound, we consider a point set P; of three points. Let the points
when sorted according to = and y co-ordinates be p1, p2, p3 and ps, p1, p2 respectively.
Clearly, two points are needed to hit all skyline rectangles induced by P;. Let P be
arranged as 3 copies of P placed in the diagonal cells of a 5 x 7 grid. Since the
three skyline rectangles of a diagonal grid cell are disjoint with those of a different
diagonal grid cell, at least 2?” hitting points are required to hit all the induced skyline
rectangles. O

4.2 Axis-Parallel Slabs

An axis-parallel slab is another special case of axis-parallel rectangle where two hori-
zontal or vertical sides are unbounded. Thus a vertical axis-parallel slab is of the form
[a, b] X (—00, +00) and a horizontal axis-parallel slab is of the form (—oo, +00) X [a, b].
Two points p(x1,y1) and ¢(z2, y2) induce two axis-parallel slabs [z, x2] X (—00, +00)
and (—o00, +00) X [y1, y2]. A family of axis-parallel slabs induced by a point set P con-
tains all axis-parallel slabs induced by every pair of points in P.



Theorem 5. Let P be a set of n points and S be the family of axis-parallel slabs in-
duced by P. S can be hit by at most 37" points of P and this bound is tight.

Proof. Let P, and P, be ordered lists of points in P sorted according to their = and
y coordinates respectively. Clearly, hitting all axis-parallel slabs of S is equivalent to
hitting all empty axis-parallel slabs in S. These are exactly the vertical slabs defined
by two points which are adjacent in P, and the horizontal slabs defined by two points
which are adjacent in P,. Therefore, at least % points from P, as well as P, have to
be chosen as part of the hitting set, H. It will suffice to choose every alternate point
starting from the first point(odd points) or starting from the second point (even points)
from both P, and P,. W.Lo.g, assume that we add all odd points from P, to H. Now
we have the option to select either the odd points or even points from P,. Note that P,
is a permutation of P,. Therefore by pigeon hole principle, either the odd points from
P, or the even points from P, contain at least % odd points from F,. Add this set of
points to H. Now H is a hitting set for S and |H| < 22

To show that this bound is tight, we give a point set that needs % points in the hitting
set. Let P; be a set of four points. Let the ordered lists of points in P; when sorted
according to the x and y coordinates be p1,p2, p3, P4 and pa, P4, p1, P3 respectively.
Clearly three points are needed to hit all axis-parallel slabs induced by P;. Let P contain
7 copies of Py each placed along the diagonal of a 7 x 7 grid. Since the induced axis-
parallel slabs of a diagonal grid cell are disjoint with those of a different diagonal grid
cell, at least %" hitting points are required to hit all the induced axis-parallel slabs. [J

5 Hitting all the Induced Lines is NP-Complete

Recall that the Hitting Set problem for Induced Lines is the following: given a point set
P, and an integer k, we would like to determine if there is a subset S C P, |S| < k,
such that the set of all lines induced by P is hit by S. For points p and ¢ in the plane, we
use L(p, q) to denote the unique line passing through the points p and g. In this section,
we show the following theorem.

Theorem 6. The Hitting Set problem for Induced Lines is NP-complete.

We show the NP-hardness of the hitting set for induced lines, by a reduction from
Multi-Colored Clique: Given a graph G = (V, E) and a partition of V into k sets
{V1,Va, ..., Vi}, is there a clique C of size k such that C' has exactly one vertex from
each V;? This problem is well-known to be NP-Complete by an easy reduction from the
classical MaxClique problem [14].

Let G = (V =V, U---UVj, E) be an instance of Multi-Colored Clique, and let
n := |V|, m := |E|. We assume w.l.o.g, that G[V;] is an independent set. We begin by
associating a point p,, with every vertex v € V, and a point p. for every edge e € E.
We use Py (respectively, Pg) to refer to the set of points corresponding to vertices
(respectively, edges). The entire point set Pg, therefore, is Pr U Py, and we note that
|P|=(m+n).

The placement of the points in the plane is as follows. The points in Py, are placed
in general position. The points in Pg are placed to satisfy the following properties: (a)



A point p. where e = (u,v), is placed on the line L(p,,p,) and for any x # u or
y # v, pe does not lie on L(p,, py). (b) No three points in Pg lie on a line. Further, for
any e, f € E'and u € V, there is no line that contains p.,ps € Pg and p,, € Py . This
completes the description of the placement on points in Pg. We say that P, defined as
Py U Pg, is normalized with respect to G if it satisfies these properties.

Lemma 3. (G, k), where G = (V, E), and n := |V|, m := |E| is a YES-instance of
Multi-Colored Clique if, and only if, (Pg,n + m — k) is a YES-instance of Hitting Set
for Induced Lines.

Proof. For this proof, we assume (w.l.o.g), that k& > 3. In the forward direction, let
S C V be clique in G such that |S| = k. Note that S* := Pg U (Py \ {p, | v € S}) is
a hitting set for Pg of size (m + n — k). Let e = (u,v). Observe that L(u,v), where
both u and v belong to {p, | v € S} is hit by p. € S*, and all other lines are trivially
hit.

In the reverse direction, let S* be a hitting set of size at most (n + m — k). Let
P; C Py denote the set {p, | v € V;}. It can be argued, based on the fact that G[V;] is
independent, that |S*N P;| > | P;|—1. Next, we show that S*NPg = Pg. First note that
|S* N Pg| > (m — 1) (this is easy to derive by contradiction, given the second property
of a normalized point set). Now, suppose |S* N Pg| = (m — 1). Let Pg \ S* = {p.}.
Since |S*| < n+m—k, there are at least (k— 1) parts P; for which |S*NFP;| = (P;—1)
(if not, then |S*| > (n +m — k)). Since k > 3, there are at least two parts for which
|S*NP;| = (|P;]—1). Let the parts be P, and P, and let the vertices in S*\ P,, S*\ P,
be u and v, respectively. It is easy to see that at least one of L(pe, py), L(pe, pv) is not
hit by S*, giving us the desired contradiction.

We now have that P C S*. Since |S*| < (n+m—k) and |S*NP;| > (| P;|—1) for
all 1 <4 < k,itfollows that |[S* N P;| = (|P;| —1),1 <i < k.Let{P,\ S*} = {p., }-
Let S = {v1,...,vx}. We claim that G[S] forms a multi-colored clique in G. It is clear
that [SNV;| =1forall1 <i < k. Also, (v;,v;) € Eforall 1 <i # j < k. If not,
then it is not hard to see that the line L(p,,, p,) is not hit by S*. This concludes the
proof. O

Lemma 4. Given a graph G, a point set Pg that is normalized with respect to G can
be constructed in polynomial time.

Proof. We begin by placing the points corresponding to Py on a circle. Let & =
{e1,...,em}, where e; = {u;,v;}. Let A; denote the set of points where L(uq,v1)
intersects L(z,y) for some 2 # uy or y # vy (note that |4 | is at most (7)). We place
De, arbitrarily on L(uy,v1) \ A;. We continue this procedure iteratively. In particular,
we place p,, arbitrarily on L(u;, v;) \ A;, where A; is the set of points where L(u;, v;)

intersects lines formed by pairs of points in Py and pairs of points in {e1,...,e;-1}.
It is easily checked that this choice of placement is normalized with respect to GG, and
that max |A;| = O(n?). O
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