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• Skew-Symmetric Matrices and Matchings
• Lovász’s Theorem
• Rabin - Vazirani’s Algorithm
• Matchings via Gaussian Elimination
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• Ai,j = xi,j if (vi, vj) ∈ E and i < j.
= −xi,j if (vi, vj) ∈ E and i > j
= 0 otherwise

• Partition P = {{i1, j1}, · · · , {in, jn}}.
• Define Pfaffian of A as

pfA =
∑

P sgn(P ).bi1j1 · · · binjn

• detA = (pfB)2

• Tutte’s Theorem:
|A| 6= 0 ⇔ G has a perfect matching
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• Theorem(Lovász):
Let q be the size of a maximum matching in G.
Then rank(A)=2q.

• Frobenius’s Theorem:
Let α, β ⊆ {1, 2, · · · , n}, |α| = |β| = rank(A).
Then,
|Aαα|.|Aββ| = (−1)|α||Aαβ|

2
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Proof(Lovász’s Theorem):

1 Rank(A) ≥ 2.q:
Let U be vertices matched by a matching of size q.
G(U) has a perfect matching. So, |AUU | 6= 0.
|U | = 2.q ⇒ rank(A)≥ 2.q.
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Proof(Lovász’s Theorem):

1 Rank(A) ≥ 2.q:
Let U be vertices matched by a matching of size q.
G(U) has a perfect matching. So, |AUU | 6= 0.
|U | = 2.q ⇒ rank(A)≥ 2.q.

2 Rank(A) ≤ 2.q:
Let Rank(A)=k. Let |Aαβ 6= 0|, |α| = |β| = k
By Frobenius’s Theorem, |Aαα 6= 0.
So, by Tutte’s Theorem, G(α) must have a perfect matching.
So, G has a matching of size k/2.
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Lemma 1: If |A| 6= 0, for any prime p, |A| mod p 6= 0.
Proof:
Let M = {(i1, j1), · · · , (iq, jq)} be a matching.
Now, |A| contains the monomial x2

i1j1
· · ·x2

iqjq

with co-efficient 1.
So, |A| mod p 6= 0.
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Lemma 1: If |A| 6= 0, for any prime p, |A| mod p 6= 0.
Proof:
Let M = {(i1, j1), · · · , (iq, jq)} be a matching.
Now, |A| contains the monomial x2

i1j1
· · ·x2

iqjq

with co-efficient 1.
So, |A| mod p 6= 0.

Lemma 2: If rank(A) = k, then for any prime p, there exists a
k × k submatrix C such that |C| 6= 0 and |C|modp 6= 0.
Proof:
Since rank(A) = k, there exists a k × k submatrix Aαβ

such that |Aαβ| 6= 0.
By Fobenius’s Theorem, |Aαα| 6= 0.
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Lemma 3: Let A be of even dimension with entires in a field F .
For i 6= j, if |Aij | 6= 0, then |Aii,jj | 6= 0.
Proof:
Take i =1, j =2.
|A12| 6= 0 ⇒ n − 1 columns of A12 are linearly independent.
Particularly, columns numbered by β = {3, · · · , n} are linearly
independent.
For some α ⊂ {2, · · · , n}, |α| = n − 2, |Aαβ| 6= 0.
|A11| = 0. Since, |Aαβ| 6= 0, rank(A11)= n − 2.
By Frobenius’s theorem, |Aββ| = |A11,22| 6= 0.
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Claim: Let S be a good substitution, and B=(AS)−1.
∃ j such that S(aij) 6= 0 mod p and bj1 6= 0 mod p.
Proof:
|AS| =

∑n
j=1 (−1)1+jS(a1j)|A

S
1j| 6= 0.

∃j such that S(aij) 6= 0 mod p and |AS
1j| 6= 0 mod p.

But, bj1 6= 0 mod p.
By Lemma 3, |AS

11,jj| 6= 0 mod p.
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• Add n − 2q new vertices.
• Using Gallai-Edmonds structure theorem, we get an upper

bound on the size of maximum matching in G.
Run these two Monte-Carlo Algorithms till they agree.
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Cost of update in i-th iteration is proportional to cost of
multiplying a 2j × 2j matrix by a 2j × n matrix.
This can be done in time n · (2j)ω−1.
But every j appears n/2j times.



References

Matrices

Lovász’s Theorem

Rabin-Vazirani

Gaussian Elimination

Running Time

10/05/06 Randomized Algorithms For Finding Matchings In Graphs – 15 / 15

[1] Marcin Mucha and Piotr Sankowski. Maximum matchings
via gaussian elimination. In FOCS, pages 248–255, 2004.

[2] Michael O. Rabin and Vijay V. Vazirani. Maximum
Matchings in General Graphs through Randomization. In
Journal of Algorithms, Issue : 10, pages 557–567, 1989.

[3] L. Lovász and M. Plummer. Matching Theory. Akadémiai
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