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Tutte Matrix

Matrices o
e A

Tutte Matrix

Lovasz's Theorem

Ti.j If (UZ',U]‘) € F and 1 < 7.
— T j If (?}Z‘,Uj) cEandi >
Rabin-Vazirani =0 otherwise
Gaussian Elimination e Partition P = {{il,jl}, s {Zn,]n}}

e Define Pfaffian of A as

pfA=>p Sgn(P)-biljl - bi i,
o detA = (pfB)?
e Tutte's Theorem:
|A| # 0 < G has a perfect matching
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Lovasz’s Theorem
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Frobenius’s Theorem

Matrices

e Theorem(Lovasz):

Lovasz's Theorem

e Let g be the size of a maximum matching in G.
Lovdsz's Theorem Then rank(A):Zq

Lemma 1-2 . , ]

e @ e Frobenius's Theorem:

Rabin-Vazirani Let Oé, 5 g {1, 2, c e ,n}, ‘Oé‘ — |6| — rank(A).
Gaussian Elimination Then,

‘Aaa‘-‘Aﬂﬁ‘ — (_1)|a|‘Aa5‘2
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Lovasz’s Theorem

Matrices Proof(Lovasz’'s Theorem):

Lovasz's Theorem

Frobenius's Theorem 1 Rank(A) Z 2q

Lemma 1-2 Let U be vertices matched by a matching of size g.
wemma 3 G(U) has a perfect matching. So, |Ayy| # 0.

Rabin-Vazirani

|U| = 2.q = rank(A4)> 2.q.

Gaussian Elimination
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Lovasz’s Theorem

Matrices Proof(Lovész's Theorem):

Lovasz's Theorem

Frobenius's Theorem .

L Rank(4) = 2.¢: . |
Lemma 1-2 Let U be vertices matched by a matching of size g.
remma 3 G(U) has a perfect matching. So, |Ayy| # 0.

Rabin-Vazirani

|U| =2.q = rank(A)> 2.q.
2 Rank(A) <2.4:
Let Rank(A)=k. Let |Anp # 0], |a| = |0] =k
By Frobenius's Theorem, |A,q # 0.
So, by Tutte's Theorem, G(«) must have a perfect matching.
So, G has a matching of size k/2.

Gaussian Elimination
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Some Lemmas on Tutte Matrix of G

Matrices Lemma 1: If |A| # 0, for any prime p, |A| mod p # 0.
Lovasz's Theorem P rOOf:

Frobenius's Theorem

Lovész’s Theorem Let M = {(i1,71), -, (iq,jq)} be a matching.
. R ,
Now, |A| contains the monomial =7 . --

Lemma 3 lel . xiqjq
Rabin-Vazirani W|th CO—efﬁCIent ].

Gaussian Elimination SO, ‘A‘ mod D # 0.
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Some Lemmas on Tutte Matrix of G

Matrices Lemma 1: If |A| # 0, for any prime p, |A| mod p # 0.
Lovasz's Theorem P rOOf:

Frobenius's Theorem

Lovész’s Theorem Let M = {(i1,71), -, (iq,jq)} be a matching.
. R ,
Now, |A| contains the monomial =7 . --

Lemma 3 lel . xiqjq
Rabin-Vazirani W|th CO—efﬁCIent ].

Gaussian Elimination SO, ‘A‘ mod D # 0.

Lemma 2: If rank(A) = k, then for any prime p, there exists a
k x k submatrix C' such that |C| # 0 and |C'|modp # 0.
Proof:

Since rank(A) = k, there exists a k x k submatrix A,z

such that |A,p| # 0.

By Fobenius's Theorem, |Ayq| # 0.
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Matrices

Lovasz's Theorem

Frobenius’'s Theorem
Lovasz's Theorem
Lemma 1-2

Rabin-Vazirani

Gaussian Elimination
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Some Lemmas on Tutte Matrix of G

Lemma 3: Let A be of even dimension with entires in a field F'.
For 2 75 7, If ‘Azy‘ 75 0, then ‘Aii,jj‘ 75 0.

Proof:

Take 1 =1, 5 =2.

|A12| #0 = n — 1 columns of Ajs are linearly independent.
Particularly, columns numbered by 3 = {3,---,n} are linearly
independent.

For some a C {2,---,n}, |a] =n —2, |Ays]| # 0.

‘All‘ = 0. Since, ’Aaﬁ‘ 75 O, rank(AH): n — 2.

By Frobenius'’s theorem, ‘A@g‘ = ‘A11722‘ ;’é 0.
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Matrices

Lovasz's Theorem

Rabin-Vazirani

Extension

Gaussian Elimination
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Rabin-Vazirani’s Algorithm
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Rabin - Vazirani’s Algorithm

Matl”cfs Claim: Let S be a good substitution, and B=(A4°)"1.
Lovdsz's Theorem - ] such that S(az]) ?é 0 mod P and bjl # 0 mod P.

Rabin-Vazirani

Proof:
Extension ‘AS‘ _ o 1( )1_|_]S( )‘ S ‘ # 0.

Gaussian Elimination

37 such that S(a;;) # 0 mod p and |A | # 0 mod p.
But, bjl =+ 0 mod P.

By | # 0 mod p.

11,39
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Maximum Matchings and Las Vegas Algorithm

Matrices e Add n — 2g new vertices.

Lovasz's Theorem e Using Gallai-Edmonds structure theorem, we get an upper
RIS bound on the size of maximum matching in G.

Run these two Monte-Carlo Algorithms till they agree.

Gaussian Elimination

Rabin-Vazirani
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Matrices

Lovasz's Theorem

Rabin-Vazirani

Gaussian Elimination

Running Time

10/05/06

Using Gaussian Elimination
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Running Time

Matrices Cost of update in ¢-th iteration is proportional to cost of
Lot s e multiplying a 27 x 27 matrix by a 2/ x n matrix.
s Thiscan be don n time1-(2)°

But every j appears n/27 times.
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